Chance theory is a mathematical methodology for dealing with indeterminacy phenomena involving uncertainty and randomness. In this paper, some properties of chance space are investigated.
against a reference uncertainty distribution. Liu [13] introduced a paradox of stochastic finance theory based on uncertainty theory and uncertain differential equation. In addition, an uncertain integral was proposed by Chen and Ralescu [3] presented with respect to general Liu process.
In 2013, Liu [15] proposed chance theory via giving the concepts of uncertain random variable and chance measure in order to describe the situation that uncertainty and randomness appear in a system. Some related concepts of uncertain random variables such as chance distribution, expected value, variance were also presented by Liu [15] . As an important contribution to chance theory, Liu [16] presented an operational law of uncertain random variables. After that, uncertain random variables were discussed widely. Yao and Gao [22] provided a law of large numbers for uncertain random variables. Gao and Yao [5] gave some concepts and theorems of uncertain random process. In addition, Yao and Gao [22] proposed an uncertain random process as a generalization of both stochastic process and uncertain process. As applications of chance theory, Liu [16] proposed uncertain random programming. Uncertain random risk analysis was presented by Liu and Ralescu [17] . Besides, chance theory was applied into many fields and many achievements were obtained, such as uncertain random reliability analysis (Wen and Kang [21] ), uncertain random logic (Liu [18] ), uncertain random graph (Liu [12] ), and uncertain random network (Liu [12] ).
In this paper, some properties of chance space are investigated. Based on this, the subadditivity theorem, null-additivity theorem, and asymptotic theorem of chance measure are proposed. [9] ) The uncertain variables ξ 1 , ξ 2 , · · · , ξ n are said to be independent if [7] ) Assume ξ 1 , ξ 2 , · · · , ξ n are independent uncertain variables with regular uncer-
Definition 2.4. (Liu
M { n ∩ i=1 (ξ i ∈ B i ) } = n ∧ i=1 M{ξ i ∈ B i } for any Borel sets B 1 , B 2 , · · · , B n of real numbers.
Theorem 2.1. (Liu
is strictly increasing with respect to
an uncertain variable with inverse uncertainty distribution
To represent the average value of an uncertain variable in the sense of uncertain measure, the expected value is defined as follows. [7] ) Let ξ be an uncertain variable. Then the expected value of ξ is defined by 
Definition 2.5. (Liu
For calculating the expected value by inverse uncertainty distribution, Liu and Ha [14] proved the following theorem. [14] ) Assume ξ 1 , ξ 2 , · · · , ξ n are independent uncertain variables with regu- 
Theorem 2.2. (Liu and Ha
lar uncertainty distributions Φ 1 , Φ 2 , · · · , Φ n , respectively. If f (x 1 , x 2 , · · · , x n ) isvariable ξ = f (ξ 1 , ξ 2 , · · · , ξ n ) has an expected value E[ξ] = ∫ 1 0 f (Φ −1 1 (α), · · · , Φ −1 m (α), Φ −1 m+1 (1 − α), · · · , Φ −1 n (1 − α))dα.(2)
Uncertain Random Variables
In 2013, Liu [15] first proposed chance theory, which is a mathematical methodology for modeling complex systems with both uncertainty and randomness, including chance measure, uncertain random variable, chance distribution, operational law, expected value and so on. The chance space is referred
is an uncertainty space and (Ω, A, Pr) is a probability space. [15] ) Let (Γ, L, M) × (Ω, A, Pr) be a chance space, and let Θ ∈ L × A be an event.
Definition 2.7. (Liu
Then the chance measure of Θ is defined as
Notation: For a real number r, the set Θ r = {ω ∈ Ω | M{γ ∈ Γ|(γ, ω) ∈ Θ} ≥ r} is a subset of Ω but not necessarily an event in A. In this case, Pr{Θ r } is assigned by 
Then we have
Proof. According to the equivalent definition of Pr{·} in Lemma 2.1, we have
The lemma is proved.
be a chance space, and let Θ 1 , Θ 2 ∈ L×A be two events satisfying
Then we have 
Proof. Assume Θ i ↑ Γ × Ω. Since Γ × Ω = ∪ i Θ i , it follows from the subadditivity of chance measure
Ch{Θ i }.
Note that Ch{Θ i } is increasing with respect to i. We get lim The theorem is proved.
Conclusions
This paper proposed several properties of chance space. Besides, the subadditivity theorem, nulladditivity theorem, and asymptotic theorem of chance measure were proved.
